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Abstract 

In this paper we have considered an inequality having 11 divergence measures. Out of them tliree are logarith- 
mic such as Jeffryes-KuUback-Leiber |4| |5| }-divergence. Burbea-Rao |1| Jensen-Shannon divergence and Taneja |7| 
arithmetic-geometric mean divergence. The other three are non-logarithmic such as Hellinger discrimination, symmetric 
—divergence, and triangular discrimination. Three more are considered are due to mean divergences. Pranesh 
and Johnson (6| and Jain and Srivastava |3| studied different kind of divergence measures. We have considered 
measures arising due to differences of single inequality having 11 divergence measures in terms of a sequence. 
Based on these differences we have obtained many inequalities. These inequalities are kept as nested or sequential 
forms. Some reverse inequalities and equivalent versions are also studied. 
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1 Introduction 
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Let 



> 0,^p, = 1 I ,n > 2, 



Tn = < P = (P1,P2, ...,Pn) 



be the set of all complete finite discrete probability distribu- 
tions. Let us consider the two groups of divergence measures: 



1 Logarithmic divergence measures 
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• Non-logarithmic divergence measures 

A(P||Q) = ^i^^i_2iL, 
frt P^ + ii 

1 " 



2q, 

Pi + Qi 



(Pi - qifiPi + q^) 



Piqi 



The logarithmic measures I{P\\Q), J{P\\Q) and r(PllO) 
are three classical divergence measures known in the litera- 
ture on information theory and statistics are Jensen-Shannon di- 
vergence, J-divergence and Arithmetic-Geometric mean divergence 
respectively |7| |8|. The non-logarithmic measures A(P||(5), 
h{P\\Q) and 5' (P| | Q) are respectively known as triangular dis- 
crimination, Hellingar's divergence and symmetric chi-square di- 
vergence. In 2005, the author (9l proved the following inequal- 
ity among these six symmetric divergence measures: 



\A<I<h<\.J<T<^^. 



(1) 



The above inequality (T) admits many nonnegative differ- 
ences among the divergence measures. Based on these non- 
negative differences, the author 19J proved the following re- 
sult: 



< IDtk < 2Djh < i-DvPA < 



(2) 
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where, for example -D/a / — |A, Dtj ■— T — ^J, 
Df^i := j^F — j'^, etc. The proof of the inequaUties (|2) is 
based on the following two lemmas: 

Lemma 1.1. If the function / : [0, oo) — > R fs convex and normal- 
ized, i.e., /(I) — 0, then the f -divergence, Cf(P\\Q) given by 



(3) 



is nonnegative and convex in the pair of probability distribution 

{P,Q) G r„ X r„. 

Lemma 1.2. Let /i , /2 : / C R+ — >■ R two generating mappings 
are normalized, i.e., /i(l) = /2(1) = and satisfy the assump- 
tions: 

(i) /i and f2 are twice differentiable on (a, fe); 

[ii) there exists the real constants a, fisuch that a < (3 and 

1 2 \X) 

then we have the inequalities: 

aCs,{P\\Q) < Cf,{P\\Q) <pCf,{P\\Q). 

The Lemma 1.1 is due to Csiszar (2] and the Lemma 1.2 
is due to author |8|. The aim of this paper is to consider 
more measures in (T) and improve the inequalities given in 
|2)- These measures are based on the some well-known mean 
divergences. 

1.1 Mean Divergence Measures 

Author 1 10 1 studied the following inequality 

G{P\\Q) < iVi(P||0) < N2{P\\Q) < A{P\\Q), (4) 

where 



^i(;'iio) = E 



/Pi + -Jqi 



and 



A{P\\Q)^Y. 



Pi + qi 



The above inequality admits non-negative differences 
given by 



M^{P\\Q) = Dn,nAP\\Q) 

n 
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M2{P\\Q) = Dm,g{P\\Q) ^ 

'v^ + V*A I Pi + q 
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M3{P\\Q) = Dan,{P\\Q) 



/Piqi 
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and 



h{P\\Q) = 2DanAP\\Q) = Dag{P\\Q) = Dn,g{P\\Q). 



1.2 New Measures 

Jain and Srivastava |3| and Kumar and Johnson |6| respec- 
tively studied the measures 



^o(PilQ)=E 



{P^ 



and 



F{p\\Q)-\j:, 



Piqi 



In total we have 11 divergence measures. By the applica- 
tion of Lemmas 1 and 2 we can put them in a single inequality 
as 

lA < J < 4Mi < |M2 < ft < 4M3 < 

(5) 



< ij<r<i7^o<^*<^F. 



= 1. 



1.3 Pyramid 

The 11 measures appearing in the inequalities |5) admits 55 
non-negative differences. These 55 non-negative difference 
satisfies some obvious inequalities given below ir\ the form 
of pyramid or triangular: 

1. D]^; 

3. P>%i2Mi ^ Dti2i — -C'mjA/ 
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The following equalities hold: 
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In view of Lemmas 1 and 2, the measures appearing in the 
above pyramid are convex in a pair of probability distribu- 
tions and can be written as 
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where /as (a;) = /a (a:) — fsix), A > B with the property that 
/ABW>0,Va;>0. 

In this paper our aim is to extend the results given by 
(2^ by taking all possible nonnegative differences given in the 
above pyramid. These inequalities we have put in nested or 
sequential form. 



2 Nested Inequalities 

In this section, we shall try to put the measures appearing in 
above pyramid in terms of nested or sequential form. This we 
have done in a theorem below. 



and 
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Proof. In view of we shall prove the theorem just writing 
the expressions for /ab (a;). The rest part is understood obvi- 
ously. 

1. For Di^a(PIIQ) < |Dmia(P1IQ): After simplifica- 
tion, we observe that equivalently, we have to show the 
following: 

(9) 



Theorem 2.1. The following inequalities hold: 



< 



8 r)6 



g-^A/iA ^ ii-L^AfsA 
1 p.21 \ 
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< 4D 
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3-^hA ^ 15 A/3 A 
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/ < i [I28A/1 + A] . 

Let us consider the function 3/_A/i_A(a;) 
then we have 



3 ^hM^ 



< 1 n28 



8 n5 



8 n8 < 8 7-,14 < onS 



3^M2l 
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(10) 
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Here we have 

/mlaW = 128/mi(x) + /a(2;). 

Calculating the first order derivative of the function 

gi.Mi.A(x), we get 



5'/_Mi.a(2:) = 

V2a; + 2{x + l) - 1) x 
X (x^ + x^^^ + 3a; + ^ + 1 



X ki{x) 



/ V2x + 2(2{x + iy +x^ 
[ -2[x'/' + l){x + lf 



where 

ki{x) = V2a; + 2 (^x^^^ + 1 j - + 1)^ 
This gives 

' > 0, x <1 



S/.A/i_A(a;) 



< 0, x>l 



(11) 



Expression (TT) is valid only when ki{x) > 0, Va; > 
0, a; / 1. Now, we shall show that ki{x) > 0, 
Va; > 0, X / 1. Let us consider 



hi{x) = ^V2i 



2a; + 2(^a;='/' + ljJ - (a: + 1)" . 
After simplifications, we have 

hi{x) = (a: + 1) 1)^ (x^ + 2x-^^^ + 2V^+l 



Since hi{x) > 0, Va; > 0, a; / 1 proving that fci(x) > 0, 
Va; > 0, a; / 1. Also we have 



/3 = sup gi.Mi.A{x) = 

a;e{0,oo) 

= liniff/.Afi.A(a;) = ^. 



(12) 



By the application Lemma 1.2 over ifTTt and (T2\ we get 
(§1, proving the required result. 

Argument: Let a and b two positive numbers, i.e., a > 
and b > 0. If ~ b^ > 0, then we can conclude that 
a > b because a — b = (a^ — 6^)/(a + b). We have used 
this argument to prove ki{x) > 0, Va; > 0, a; / 1. We shall 
use frequently this argument to prove the other parts of the 
theorem. 

Remark 2.1. From the above proof we observe that it is suf- 
ficient to write expressions similar to dlOt , i fITt and Jl2) . The 
rest part of the proof follows by the application of Lemma 1.2. 
In view of this we shall avoid details for the proof of other 
parts. From now onward, throughout it is understood that 
x > 0, X ^ 1. 



2. ForD^^^(PIIQ) < ^D^^^(P||Q): Let us consider 

5MiA.M2A(a;) = fMiAix)/ fM^Aix), then we have 



gMiA_M2A{x) — 

( V2x + 2((a;+l) 
^\ -{x^'^ + l) {x + lf 



Ax 



3/2 



2V2a; + 2 [(a; + 1)^ - 6a:'^/2 
-(x^/^ + l) {x + lf 



This gives 



P = lim gMiA.M2A{x) 



Equivalently, we have to show that 

^1 = ty-CmjA ^ -DmjA = 

= ^ (A + 24M2 - 88Mi) > 0. 

We can write Q.i := YJi=\ {li/Pi), where 

/«l(-)=2|^'With 

k2{x) =20x^/^ + 20^/a^ + 23a:^ + 42a; + 23 



- 16V2a: + 2 + l) (a; + 1) 
Let us consider 

h2{x) = (^20a:^/^ + 20y/x + 22,x^ + 42a: + 23 
- [16V2^T2 (V^ + 1) (a; + 1)] ^ . 
After simplifications, we get 

h2(x)^ {Vx-lf [l6a; + 16+ (x/S-1)''] . 

Since ft2(a;) > 0, proving that k2{x) > 0. This proves 
the required result. 

3. For D^^^(PIIQ) < iiDii(PllQ): Let us consider 

flM2A.hA(a;) = fu^Aix)/ .fhA{x), then we have 

gM2A_hA(x) = 

/ 2V2a; + 2 [(a; + 1)^ - &x'^''^ 
\ - {x^'^ + l) (a; + If 



3V2x + 2(^- 1) X 

X (x"^ + 2a;^''^ + 6a: + 2^. + 1 



This gives 



13 = lim gM2A.hA{x) = yi. 



Equivalently, we have to show that 



^2 



n^" n' 



12 ^hA 



Ma A 



^ (44/1 + A-64A/2) > 0. 



We can write ^l2 := Yl"^i <lifn2 ili/Pi)' where 

fn2{x) = 48^1) , with fca (a:) = ^(x) > 0. This proves 

the required result. 
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4. For Di2^(P||Q) < |Dif3^(P||Q): Let us consider 

5/iA.Af3A(2;) = fhA{x)/ f'ii^Aix), then we have 

3hA_M3A(a;) = 



2 + 1) (x + 1)" - 4x3/2^2^+2] 



This gives 



lim ghA.M3A{x) 



Equivalently, we have to show that 

= i (64A/3 + A - 20/i) > 0. 

We can write fis ~ nfn^ {qi/Pi), where 

/na (s) = aofi+i) / "^ith k4,{x) = fc2(a::) > 0. This proves 

the required result. 

5. For Dm3a(P||Q) < SDhmi (P| IQ): Let us consider 

QmsAmii (x) = fM^Ai^)/ f'hMi (a;), then we have 

gu^AjiMi (a;) = 

2 [{x^/^ + l){x + if - ^x^/^./2^Ti\ 



{x + 1)^ [2x3/2 + 2 - (x + 1) V2x + 2J 



This gives 



/3 = lim gM3A_hMi(x) = 5. 



Equivalently, we have to show that 



^4 = tD 



n"' — 



= i (20/!, + A - 80Afi - 64A/3) > 0. 

We can write ^4 := 1]^=! nf^i {qi/Pi), where 

fa^ix) = 4^^^j) , with fc5(x) = fc2(x) > 0. This proves 

the required result. 

6. For D?^3^(P||Q) < y|D^X(P||Q): Let us consider 

Qm^a^ja^x) = fli^Aix)/ fjA^x), then we have 



4^^ 



gM^A.JAix) = 



.(3/2) 



+ 1 (x+1)' 



-4x^/V2a; + 2 



V2x + 2 (x2 + 6x + 1) (x - 1)^ 



and 



gM3A.JA{x) = 



2 (x + 1) X fc6(x) 



V2x + 2yx(x2 + 6x + 1)^ (x - 1)^ 



where 
kfi{x) ■ 



-16x^''V2x + 2(x + 1)^ 



(x* + 9x2 + 1) {y^-lf + 



+ (^/^ + 1) +x«/2 + + 2x^/2 _^ 28x3 _^ 
V +28x2 + 2x^/2 + x + ^ 



This gives 



5A/3A_JAia;j 



> 0, X < 1 
< 0, X > 1 



provided fc6(x) > 0. Now we shall show that A;6(x) > 0. 
Let us consider 



heix) = - [l6x3/V2x + 2 (x + if^ 



+ 



(x'* + 9x^ + 1) {^-lf + 
+x''^^+x^ + 2x'^^+28x'-' + 
+28x2 + 2x^/2 j^x + y/x 



Simplifying the above expression, we get 

^6(2;) = {Vx — 1)" X 

/ 1 + 4v^+ 538x^/2 ^3g^3/2_|^ 
+1460x^/2 ^ 2196x^/2 _^ 538x"/2_^ 
+1537x5 + 1537x'' + 908x3 _^ ■^2x^ 
+ 166x2 + 12x + 4x^^/2 ^ 36x^'"''/2 + 
V +1460x"/2 + + 908x^ + 166x^ / 

Since heix) > 0, proving that ke,{x) > 0. Also we have 

P = sup PM3A_Ja(x) = lim gAhA.JAix) = i|. 

7. For D^X(P||Q) < iDTA(PIIQ): It holds in view of 

8. For DgMi(PliQ) < |DTA(PiiQ): Let us consider 

ghhh_TA {x) = fl'j^j^ (x)/ fTA (x), then we have 

ghMi.TA{x) = 

(x + 1)2 [2 (^x3/2 + 1^ - ^/2^T2 (x + 1)] 



v/2x + 2 (x2 + 4x + 1) (x - 1)2 
(x+ 1)^7(2:) 



2 (x2 +4x + 1) X 

X (x - if •Jxy/2x + 2 



and 

ff!iMi_TA(2) = 

where 
^7(2:) = 

/ (x* + 5x2 + 1) (^-1)2+ \ 

= 2(^/^+1) +3x4 + x»/2 ^ 20x3 + 

V +20x2 + 3x + ^ y 
- V2x + 2 (x"* + 6x3 _^ 34^2 _^ g^, _^ (3. ^) ^ 
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This give 



g'hMi.TAix) 



> 0, X <1 

< 0, X > 1 ' 



provided fey (a;) > 0. Now we shall show that fcy (a;) > 0. 
Let us consider 



ft? (a;) 



2{V^+l)\ +3x^ + + 20^^+ 
x'^+6x^+ 



^^(^ + 1)1 +MX-+6X + 1 



After simplifications, we get 

hrix) = 2{y/x-l)'^ X 

/ x^ + 4x^^/2 + 7x^ + 24x^^/2 ^ 44^7^ s 
+ 16Ax^^^^ + 104a;'5 + 222a;"/2 + 
+42a;'^/^ {x + 1) {^/x - if + 300a;^/^+ 
+222a;'^/2 + 104a;^ + 164a;^/^+ 
V +44a;^ + 24x^/^ +7x + 4^ +1 / 



Since hr{x) > 0, this gives that kr{x) > 0. Also we have 

= sup ghMi.TA{x) = lim ghMi.TA{x) = i. 

xe(a,oo) ^"'■i 

9. For Dii3h(P||Q) < |Di^3i(P||Q): Let us consider 
gMsh.Msi {x) = /M3^(a;)//M3/(a;), then we have 



gM^h-Mslix) 



2(g;^/^ + 1) - (x + l)V2z + 2 
2 [(a;3/2 + 1) - ViV2a; + 2J 



and 



fl'M3h_M3/(a^) — 

iVx- 1) X ^8(3;) 

2VxV2x + 2 + 1) - VxV2x + 2J^ ' 

where 

fcsW = - (a; + 1) (V^ + 1) V2a; + 2 + 

+ (a; + 1) (V^ - 1) V (a;^/^ + Ax. 

This gives 

' > 0, a; < 1 



gMsh.M^lix) 



< 0, a; > 1 



provided fc8(a;) > 0. In order to prove ks{x) > 0, let us 
consider 



'^«(^) = |^ +(,3/2 + 1) (Vi+l)+4x 



After simplifications, we have 

7i8(a;) = (2a; + 1) (a; + 2) (V^ - l)* . 

Since /i8 (a;) > 0, this gives that fcs (a;) > 0. Also we have 

/3 = sup gM3h_M3i{x) = lim gMsh^Miiix) = |. 
xe(o,oo) ^->-i 

10. ForDil3i(P||Q) < |D^i(P||Q): Let us consider 

gM3i_hi{x) = /M3j(a;)//M3^(a;), then we have 



gM3i.hi{x) 



2 + 1 - V^V2x + 2j 
(v/i - 1) V2a; + 2 



and 



5M3^-h/(^) 



(V^ - 1)^ (x + 1) VSV2^T2 
where kg{x) = ksix) > 0. This give 

> 0, a: < 1 



g'M3i_hi{x) 



< 0, X > 1 



Also we have 



j3 = sup gMsLhiix) = lim gM3i.hi{x) = j 
xe(o,oo) ^->-i 

11. ForDiii(PIIQ) < |D^^i(P||Q): Let us consider 
ghi.M2i{x) = fhi{x)/fM2i{x), then we have 

ghi.M^iix) = 



3(v^- 1) V2z + 2 



2 [V2a; + 2 (2a; - Z^/x + 2) - (a;3/2 + 1)] 



and 



g'hi-M^iix) = 



3 (1 - -y/i) X fcio(a;) 



2ViV2a; + 2 [- (a;^/^ + l) + V 



+V2a; + 2 (2x - 3^^ + 2)] ' 
where fcio(a;) = ka{x) > 0. This gives 

> 0, X < 1 



g'hI-M2l{x) 



< 0, a; > 1 



Also we have 



' = sup ghi_M2i{x) = lim ghi.M2i{x) = I. 

xe(o,oo) 
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gM2l-KoA{x) = 



, then we have 



16a; {x + 1) 



3V2a; + 2 ( - 1) 

[V2a; + 2 (2a: - 3 + 2) - (x^^^ + - 

( 3x^ + 6x^/2 +20:^3+34x5/2 

V +66a;2 + 34x^/2 + 20x + &y/x + 3 



and 



g'M2l-KoA{x) 



(x + l) X fcii(x) 



V2x + 2 (a/x - 
1 



3x* + 6x^/2 + 20x3 + 34x^/2+ 
+66x2 ^ 34x^/2 + 20x + 6^ + 3 



where 



+ 



12. For D^2i(P||Q) < ■|D^''g^(P||Q): Let us consider for all t > 0, and hence u{x) > 0, Vx > 0. Let us con 

sider 

hii (x) = [V2x + 2 (-v/x + l) w(x)] ^ - [Vx (x + l 

+llx^ + 94x''/2 + 76x^ + 
+104x^/2 + 76x3 ^ 94^6/2^ 
V +11x2 + 12x3/2 + 7x + 2Vx + 2 / 

After simplifications, we have 

hii{x) = X (x + 1)2 (Vx — l)'* X 

/ 8 + 2608x'^ + 218x + 112x3/2 ^ ^r^i^2_^ 
+24Vx + 1910x3 + 1180x^/2 + 5612x^/2 
+ 1420x-^/2 + 1124x"/2 + 1124x^3/2^ 
+1910x-^ + 3745x^ + 3745x* + 218x" + 
+ 1983x^ (x2 - 1)2 + 1420xi-"''/2 + 
+5612xi'^/2 + 2608x'^ + 451x"' + 
y +28x^2 _^ ii80x"/2 + 24x2^/2 ^ ii2x2i/2 J 

Since /iii(x) > 0, this gives that fcii(x) > 0. Also we 
have 

= sup fl'M2/.KoA(x) = lim 5M2/.ifoA(x) = i. 

13. For D|^2i(P|IQ) ^ iDTj(P||Q): Let us consider 

5m2/-tj(x) = filial (x)/ frj (x), then we have 

9M2l-Tj{x) = 

4 [(2x - 3Vx + 2) V2x + 2 - (^x3/2 + 1^] 
~ 3V2x + 2 (x - 1)2 

and 

, , . 2 X fcl2(x) 

9M2,.Tj{x) - 3^2^^ ^ _ ^^3 : 

where 
fci2(x) =2V2x + 2x 

^ / x2 (V^ - 2)2 + 3X (V^ - 1)2 + \ _ 

^\+ (2Vi -if +^/^ (x2 + 1) j 
- (^x''/2 + 3x^/2 + 4x3/2 + 3x + 4x2 + 1^ . 



A;ii(x) = V2x + 2 (a/x + l) u(x)- 

/ 2x" + 2x13/2 + 7x« + 12x"/2+ \ 
+llx^ + 94x'-'/2 + 76x'*+ 

+ 104x''/2 + 76x3 ^ 942.5/2 ^ 1^2.2 

V +12x3/2 + 7x + 2v/x + 2 



with 




- 9x^1/2 + 24x5 _ 413.9/2 + 



+60x'* + 50x''/2 - 48x3 + 50x5/2+ 
+60x2 _ 41^3/2 + 24x - 9Vx + 4 



> 0, X < 1 
< 0, X > 1 



(x) 



provided A;ii(x) > 0. In order to prove fcii(x) > 0, let 
us consider 



4*1 



9t" + 24r 



41t'' + 



v(t) = u{f 



+60r + 50f - 48r + 50f"+ 
+60*-* - 41*3 + 24*2 _ 9^ + 4 



Solving the polynomial equation v{t) = 0, we observe 
that there are no real solutions. All the twelve solutions 
are complex and are given by 

-0.9437538663 ± 0.3306488166 /, 
-0.3823946004 ± 2.215272138 /, 
-0.07566691909 ± 0.4383503779 I, 
0.3872722043 ± 0.2946782782 7, 
0.5042070498 ± 0.8635827991 /, 
1.635336132 ± 1.244339331 /. 

This means that for all * > 0, either v{t) > or v{t) < 0. 
Calculating a particular value of v{t), for example for 
* = 1, we get w(l) = 128 > 0. This means that v{t) > 0, 



This gives 



5m2/-T^W^<0 x>1 
provided ki2 (x) > 0. In order 



> X < 1 
) X > 1 ' 

to prove fei2(x) > 0, let 



us consider 

hi2{x) = (2V2x + 2f X 

^ / x2(VS-2)2+3x(V^-l)2+ y 
^ \ + (2Vi -if + V^ (x2 + 1) J 
- (^x''/2 + 3x5/2 _|_ 4^3/2 + + 4a.2 + 
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After simplifications, we have 

^12(3;) = {Vx - l)** X 

/ (x + l) (22;" +45x2 + 2)+ \ 
X +5x* - 2f + 5 {2^^ - if + . 

\ +x{^- if (42a;2 + 662: + 42) / 

Since hi2{x) > 0, this gives that ki2{x) > 0. Also we 
have 

13 = sup gM2i-Tj{x) = lim gM2i-Tj{x) = |. 

a:g{0,oo) 

14. For D|i^i(P|jQ) < ID^^mJPHQ): Let us consider 

gu^i-TMi {x) = fM^iix)/ fTMi {x), then we have 

gM2l-TMi {x) 

/ y/2x + 2 [x"^ - 2x^/2 - 2Vi + 1) + 
^ +2^ (x^'^ + 1) 

and 

gM2l-TMi {x) = 

_ iVx- 1) X fci3(a;) 



/ 3^ (x + l) ^-2y^ {^x^/^ + 1 
\ +V2x + 2(x^ - 2x^1'^ - 2Vx + 1)] ^ 

where 

fci3(a;) =4 (a; + 1)2 X 

X [(x^/2^1) [^-if + Zx[^x + 1)\ - 
^^^ + ^1 +20^2 + 5x^/2^ 7a; + Vi+1 



This gives 



g'M2l-TMi (x) 



> 0, a; < 1 
< 0, a; > 1 



provided fci3(a;) > 0. In order to prove ki3{x) > 0, let 
us consider 

hl3{x)=['l{x+lf]^ X 

X [(^x'/' + l) {^-lf + 3x{V^+l)]''- 

V2a; + 2|^ +20x2 + 5x^/2+ 7a; + Vi+1 jj ' 
After simplifications, we have 

/ii3(x) = 2(x + 1) (V^- 1)* X 

/ 6x^ + x^^-3f + 30x'' + 36x'''^+ \ 
X +60x'' + 114x'^/2 + 40-^3 + ii4a;V2_^ 
V +60x2 _^ 3ga.3/2 + 30 + (3^ -1)2 + 6 / 



Since hisix) > 0, this gives that fci3(x) > 0. Also we 
have 

/3 = sup gM2i-TMi{x) = lim gM2i.TMi{x) = i 

15. For D^2i(P||Q) < |D}^j(P||Q): Let us consider 

gM2i-JMi (x) = fM2i{x)/ fjMi (x), then we have 



gM2l-.JMi (x) 



4x 



(2x - 3^/x + 2) X 
xV2x + 2- (^x^/2 + ;^~j 



ySVSx + 2 (x + 1) X 



(x - 4x + 1) + 4x (x'-^^^ + 1 j 



and 

(X) 



2v^(v^- 1) X ki4(x) 



3 (x + 1) 4x (^x(^/2) _^ _^ (a- _^ 1) 
x-v/xV2x + 2(x - 4-v/x + 1)]^ 



where 



kii{x) = 2V2x + 2 (Vx + 1) (x + 1) X 

X |^x(V^-2)% (2Vx-l)%yx(x + l)] 
a;4 + a;^/2 + 11^3 + 3^6/2+ 
+32x2 + 3x^/2 + iia; + /J + 1 



This gives 



SM2/_jMi(a;) 



> X < 1 
< X > 1 



provided ku{x) > 0. In order to prove fei4(x) > 0, let 
us consider 



hi4 {x 



( 2v/25rr2 i^/I: + 1) {x + 1) X 
) = 1 X [ ^(V^-2)' + (2V^-l)' 

+x'/^ + llx' + 3x''/^+ 
+32x2 + 3x^/2 _^_llx + ^/x+l 



After simplifications, we have 

ftl4(x) = (\/x — 1)^ X 

/ (3x5 _^ 2x'5/2 + 3j _ 1)2 + 48x^/2+ 
X +136x'^/2 _^ i36a;5/2 + 48x^/2 4^.6 _^ 
V +44x^ + 56x'* + 56x2 + 443. + 4 

Since hi4,{x) > 0, this gives that ku{x) > 0. Also we 
have 

13 = sup 5m2/-JMi(x) = lim gM2i-JMi{x) = |. 
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16. For D^2i(P|IQ) ^ 3D^ji(P||Q): Let us consider 
QM^i-M^iix) = f'M^i{x)/fM^i{x), theii we have 

gM2l-Mil{x) = 

y/2x + 2 {2x - 3v^ + 2) - (a;(^/^) + 



3 [s/2x + 2{x - v/i + 1) - (x3/2 + 1)] 



and 



gM2l-Mil{x) 



{-/x- 1) X fci5(a;) 



+V2a; + 2(a;- Vi+l)]^ 
Where fcis (x) = fcs (a;) > 0. This give 



9m2I-Mii{x) 



> 0, a; < 1 
< 0, a; > 1 



Also we have 



= sup gM2i.Mii{x) = lim gM2i-Mii{x) = 3. 

a:e(0,cx>) ^-'■1 

17. For Dl?j(P||Q) < ^D^Pm^PIIQ): Let us consider 

gTjjrM2 (x) = frjix)/ /tm2 (a;), then we have 

3 - 1) V2a; + 2 



gTJ.TM2 (x) = 

and 

gTJJTM2i^) = 



2^: (^x--^/2 + l) + V2x + 2x 
X (^3x^ - 4a;^/^ - 4^ + 3^ 



_ 3 (a; — 1) X kui{x) 

/ v^V2a; + 2 [2^^ (a;^-" + + 
\^ +v/2^T2 (^3a;2 -4x^/2 -4V^+3)]' 

where 

A;i6(a;) = 2 (x + 1) V2x + 2 x 
X [(v^- l)Vv^(a; + l)] - 

This give 



g'Tj_TM2 (a;) 



> X<1 

< a; > 1 ' 



provided feieCa;) > 0. In order to prove kwix) > 0, let 
us consider 

hieix) = {2{x+ 1) V2a; + 2)'' x 

X [(v^ - 1) V + 1)] - (V^ + l)"* X 



^ ^ a;^ {V^- 2f + (2Vi - 1)^ + 



+3^/x {x^ + 1) 



After simplifications, we have 

/ x (42a;2 + 65a; + 42) - 1)^ + 



X 



+5x^ -2)^ + 5 {2^ - i f + 
+ (a: + 1) (2a;'' + 45^2 + 2) 



Since hie{x) > 0, this gives that kieix) > 0. Also we 
have 



= sup gTj.TM2 (a-) 

a;e(0,oo) 



lim gTj.TM2 (a-) 



18. For D|?M^(P1|Q) < ifD^ii JPHQ): Let us consider 

gTMi.TM2 (x) = /tmi (a:)/ /tm2 (a:), then we have 

gTMiJrM2 (x) = 

( 3V2a; + 2 (^a;^ - 2x^/^ - 2^^ + l) + \ 

y+2^(x^/^+i) j 

I y/2x + 2 (Sx^ - 4x^/^ - 4^/x + 3) + \ 
[+2^(x'^^ + l) ) 

and 

{X) = 

6 {^/x — 1) kn{x) 

/ V^V2a; + 2 [2^^ (a;^/^ + + V 
\^ +V2a; + 2 (sx^ - 4x^/^ - 4v^ + S 

where 

ki7ix) = - { :,7: : t;;.,:^ : 7_: ', -,^ i + 

This give 



+ 2 



V2x + 2{^+l) X 
X (.T + 1) (x^ + 4x + 1) 

^ x4+x7/2^x3 + 8x^/2+ 
, +2x^ + 8x^''^ + : 



g'TMi_TM2 (a^) 



> 0, X < 1 

< 0, X > 1 



provided kir{x) > 0. In order to show kir{x) > 0, let 
us consider 



hi7{x) = - 



V2x + 2{^+l) X 
X (x + 1) (x^ + 4x + 1) 

5/2_ 



x* + x'/^+x^ + 8x»/^+ 
.2x^ + 8x^/^ + X + a/x + : 

After simplifications, we have 

hn{x) = 2{^/x-ly x 

/ 1 + 6^ + 30x^/^ + 72x^/2 _^ i2x^+ 
X +57x^ + 94x^ + 57x'' + x®+ 
V +12x + 6x"/2 + 72x^2 + 30x9/2 
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Since hn{x) > 0, proving that ki7{x) > 0. Also we 
have 



sup gTMiJTM2{x) = lim gTMi_TM2{x) = t|. 



19. For D^li^(PIIQ) < 1|D^1(P11Q): Let us consider 

9TM2.Th{x) = fTM2 {x)/ fxhix), then we have 

gTM2-Th{x) = 

/ ^/2x + 2 {2,x'^ - 4x^/2 - 4VK + 3 j + \ 
\ +2^ {x^/^ + l) j 



21. For D^1(P||Q) < ^T>lli^(JP\\q,): Let us consider 
gxh.jM^ {x) = frhix)/ fjM2 {x), then we have 

gTh.jM2 {x) = 



3V2a; + 2{x + ^+l) {sfx - 1) 



and 



g'TM2-Th{x) = - 



kisix) 



2 



X V2x + 2 (a: + + 1) 
where fei8(x) = fei7(a:) > 0. This gives 
'>0, x<l 



gTM2-Th {x) 



< 0, x>l 



Also we have 



sup gTM2-Th{x) = lim gTM2-Th{x) = {§. 



Ee(o,cx)) 



20. For D|t(P||Q) < |D|i[3(PllQ): Let us consider 

gn.TMs (x) = fTh{x)/ fTM3 (x), then we have 

grh.TMsix) = 



(a: + + 1) (Vi - 1) V2x + 2 
(a;2 + 1) V2a; + 2 - 2^ (xfil'^ + 1) 



and 



g'rh.TMa (x) 



(a/x - 1) X kig{x) 



^/x^/2x + 2 [{x^ + l) V2a; + 2 - \ ' 

where A;i9(x) = knix) > 0. This gives 
'>0, a:: < 1 



6 (a; + + 1) (yi - 1)^ v/iV2a: + 2 

V2a; + 2yx(x + 1) x 

X (3x - + 3) + 4x (x^^^ + ij 



and 

g'Th.jM2 (x) 



3 (a/t - 1) y/xy/2x + 2 X fc2o(a:) 

(a; + 1) [V2xT2^(a: + 1) x 

X (3a; - 8^^ + 3) + 4a; (x^^^ + ij j 



where 



k2o{x) = V2a; + 2 + l) (a; + 1) : 

^ a;(Vi-2f + (2VS-lf + 
+4 (a; + 1) (v^ - 1)^ + 10a; 

+2a;^ + Sa;^/^ + a; + a/x + 1 



This gives 



g'Th.JM2 (x) 



> a; < 1 
< x>l 



provided k2o{x) > 0. In order to show ^20 (a;) > 0, let 
us consider 

7i2o(a;) = [V2a; + 2 {^/x + l) (a; + 1)] ^ x 



^ x{^-2f + {2^-lf+ ^ ' 
+4(a; + l)(^-l)' + 10a; 

a;^ +a;^/2 +a;^ +8a;^/2+ 



g-rh-TM^ (x) 



< 0, X > 1 



Also we have 



/? = sup grh^TMs (x) = lim grh.TM^ (x) = | . 



a:S(0,(X)) 



+2x^ + 8x*/^ + X + + 1 
After simplifications, we have 
h2o{x) = 2 {^/x — 1)* X 

(VS - 1)^ (9 + 14x^/^ + 9x^) + 57x+ ^ 

X +118x'^/^+8x®+8 + 118x'5''^ + 57x-''' + 
V +39x2 ^ 3g^.4 ^ 3Q^.3/2 ^ 3Q^.9/2 y 

Since h2o{x) > 0, proving that ^20 (a;) > 0. Also we 
have 

13 = sup gTh.jM2{x) = liin gTh.jM2{x) = ¥■ 

2!G(0,oo) »'->-l 

22. For Dj^2(P||Q) < |Di[(P||Q): Let us consider 

gjM2-Jh {x) = fjM2 (x)/ f'Jh (x), then we have 

gjM2-Jh{x) = 

V2x + 2V^(x + 1) X 
X (3x - S^/x + 3) + 4x (x^/^ + 1) 

3V2x + 2^ (x + 1) i^/x - if 



10 



and 



g'jM2.jh{x) = -- 



k21 (x) 



3y/2x + {x + 1) {^/x - 1) 
where 

fc2i(a;) = 2 [x^ + (a; + 1) (v^ - l)^] + 
+ 2 {^x^l'^ + ~ V2a; + 2 {^fx + l) (x + 1)^ 
This gives 

' > 0, x<\ 



(x) 



< 0, x>l 



provided k2i{x) > 0. In order to prove /c2i(x) > 0, let 
us consider 

/ ^{x + l){V^-lf + 

- [V2F+2 (V^ + 1) (X + 1)^]^ . 

After simplifications, we have 

/i.2i(x) = 2 (Vx- l)** X 

/ X* + 6x''/'^ +6x^ +6x^/'^+ 

V +28x^ + Ga;^/^ + 6a; + 6^/x + 1 

Since /t2i(a;) > 0, this gives that A;2i(a;) > Also we 
have 

P = sup gjM2-Jh{x) = lim gjM2-Jh{x) = |. 
xe(o,oo) =^->-i 

23. For Di!c%(P||Q) < |D|4i(P||Q): Let us consider 

gKoA_Koi{x) = /kqaCx)/ iKai{x), then we have 

gKoA.Kol{x) = 

/ 3x* + 6a;'^''2 + 20a;^ + 34x^/^+ 

V + 66x^ + 34x*/^ + 20a; + 6^/x + 3 



and 



(a; + 1)2 (3a;2 + 6x3/2 + + + 3) 
SjfoA_Ko/(a;) = 

_ 8{x-l)^/x (3x + 8 + 3) 
(x + lf 

(^3x^ + 4x^''^ + lOx + 4Vx + 3^ 



(3x2 + g^3/2 + 14a. + 6^ + 



This gives 



g'KoA.Kol{x) 



> 0, X < 1 
< 0, X > 1 



Also we have 

/3 = sup PkoA_Ko/(x) = lim gif(,A_ifo/(x) = I- 



24. For D^li3(P||Q) < ^D|4i(P||Q): Let us consider 
STM3_Koj(x) = fTM3 {x)/fKai{x), then we have 

gTM3_Kol{x) = 

[V2x + 2 (x^ + 1) - 2Vx (x^/^ + 1)] 

V2x + 2 (v/i - 1)^ ^ 



(3x2 ^ 53.3/2 ^ 143. _,_ _^ 3) 



and 



g'TMs-Kol{x) 



4 X fc22(x) 



v^V2x + 2 (x + 1) (V^- 1) X 
X (^3x^ + 6x^/^ + 14x + 6^/x + 3^ 



where 



/C22(x) = V2x + 2 X 

/ 3x"/^ +28x^ + 3v/x + 33x*/^+ \ 

X +60x^ + 33x'' + 3x-^ + 60x-^/2_^ 
V +28x^/2 ^^9/2 ^^^3 j 

/ 67^ + 40x3/2 _^ 402^7/2,^ \ 

- 2Vx +9x + 84x^/^ + Gx^ + 9x^+ . 
V +25x^ + 6x^/^ + 25x^ + 6 / 



This gives 



g'rMs.Koiix) 



> 0, X < 1 
< 0, X > 1 



provided /C22 (x) > 0. In order to prove ^22 (x) > 0, let 
us consider 



/i22(x) = (V2x + 2) X 

/ 3x"/2 _^ 28x2 + 3^/x + 33x3/2+ ^ 
X +60x3 + 33x* + 3x^5 + 60x'^/^ + 
V +28x^/2 +x»/2+x + 3 / 

/ 6Vx + 40x3/2 +40x^/2 + 
2Vx +9x + 84x-'''/2 + ex'""' + 9x'*+ 
\ +25x^ + 6x'-^/^ + 25x^ + 6 



After simplification, we have 

/l22(x) = 2 {^/x-l)* X 

/ 9 + 54Vx + 1326x* + 54x^^/^+ 



+246x"/2 + 1324x^/2 + 1324x"/2 + 
+952x"/2 + 1808x"/2 + 1582x3 + 
+952x^/^ + 114x + 601x2 + 352x'^ + 
+9x^° + 114x'' + 601x* + 1582x'^+ 
V +1326X*' + 1808x''/2 + 246x3/2 



Since /i22(x) > 0, proving that A;22(x) > 0. Also we 
have 

P = sup gTMs.Kol{x) = lim 5TM3_/fo/(x) = A. 

xe(o,oo) "^^1 
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25. For D^^i(PIIQ) < 3^D^^„,(P||Q): Let us consider 
9Mii.Koi{x) = /M^j(a;)//K(,/(a;), then we have 

gM-Ll-Kal{x) = 

v^^FT2(v^- 1)^ X 
X {^x^ + &x^''^ + 14a; + &^/x + 3^ 



and 



8 X k23{x) 



{y/x - if V2x + 2 (a; + 1) X 

X {zx^ + 6x^/2 + 14a; + &y/x + 3^ 



where 



k23{x) = ^/2x + 2 (a; + 1) (v^ + l) x 

6(x^ + l)(v/i-lf + 2a;3/^ 

+3x2 + 4) + 3v/S (4v/S + 1) 



6a;^/2 + 40a;'^/2 + 84a;'^/2 + 40a;^/2 + Qy/x 
+6 

This gives 



+Qx^ + 9a;* + 25a;^ + 25a;^ + 9a; + 6 



9miI_Koi{x) 



> 0, a; < 1 
< 0, a; > 1 



provided ^23 (a;) > 0. In order to prove ^23 (a;) > 0, let 
us consider 

h23{x) = [V2a; + 2 (a; + 1) (V^+l)]^ x 

6(a;2 + l) (V^-lf + 2a;3/2+ 
+3a;2 (Vi + 4) + Sy^ (4^^ + 1) 
Gx'^/^ + 40a;'^''2 ^ g4^5/2 _^ ^^^3/2 ^ \ : 
+6a;^ + 9a;* + 25a;^ + 25a;2 + 9a; + 6 ) 



After simplification, we get 

h23{x) = {^/x- lY X 

/ 36 + 72Vi+198a; + 1314x^/^+ \ 

+396a;^/2 + 1314x^/2 + 3963;"/^ + 



+1717x^ + 765x2 _|_ 20l2x^/2_,_ 
+72x"/2 + 765a;S + 1717x*+ 
V +36x'' + 198x^ 



Since h23{x) > 0, this gives that A;23(x) > Also we 
have 

/3 = sup gMiLKnlix) = lim gMiLKnlix) = 1^. 



26. ForD}^(P||Q) < iD^^„i(P||Q): Let us consider 
gjh.Koi{x) = fjh{x)/ fKai{x), then we have 

, ^ 4Vi {x + 1) 

gjh.K,l{X) - ^ g^3/2 + i4x + 6Vi + 3 

_ 2 (x - 1) [2(x2 + 1) + (x - If] 

gjh.Koi{x) ^^^^ ^ g_^3^2 ^ + 6V^ + 3f ■ 



This gives 



g'jh.Koi{x) 



> 0, X < 1 

< 0, X > 1 



Also we have 



/3 = sup gjh.Koi{x) = lim gjh.Koi{x) = I- 

x€(0,oo) 'J'^l 

27. For Dj^^„i(P||Q) < ^^r>^%^^{P\\Qy. Let us consider 
Sjfo/-KoMi (x) = /koj(x)//k(,Mi (a;), then we have 



ffKoZ-ffoMi (x) = 

V2x + 2(Vx- 1)^ X 
X (Sx^ + 6x^/2 ^ 24x + 6^/x + 3j 

V'2x + 2 (x + 1) X 

X (3x2 _ -^4^ + 3) + I6x (^x^/2 _^ 1 j 



and 



9'koI-KqMx (x) : 



16 (V^- 1) X fc24(x) 



V« V2x + 2 [l6x (^x^/2 + + 
+V2x + 2 (x + 1) (3x2 _ -^4^ _^ 3^ j 2 

where fe24(x) = ^23 (a;) > 0. This gives 

> X < 1 



gKQl^KoMi {x) 



< X > 1 



Also we have 



P = sup gKoI-KoMi (x) = 

xe(o,oo) 
= limsxo/_KoMi(a;) = if. 

28. ForDii^MjPIIQ) < i|D^='„M,(P||Q): Letusconsider 

SjfoMi.ifoM2 (a;) = /kqMi (x)/ /koM2 (a;), then we have 

gKoMi.KoM2{x) = 

/ V2x + 2(x + l)x \ 
^ 1^ X (3x2 _ + 3) + I6x (^x=^/2 + fj J 

V2x + 2 (x + 1) X \ 
X (9x2 _ 2Qj. + 9) + I6x (x^/^ + 1) / 
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and 

288(a:- l)(a: + l) x k25{x) 

V2x + 2 {x + 1) (9a;^ - 26a; + 9) + 
+16x (x^^'^ + ij 

where 

kisix) = (^2x^/2 + + 5x'^ + 5a;^/^ +x + 2^ 
- V2x + 2 (a; + 1)^ 
This gives 

■ > x<l 



< a; > 1 



provided fesCa;) > 0. In order to prove k25{x) > 0, let 
us consider a function 

. , , / 2l-^/2 ^ ^.5/2 ^ 5,^.2 _^ 



- [V2a- + 2 (a; + 1)' 
After simplifications, we get 

h25{x) = {^/x- 1)* X 

/ 2x^ + 8x^/2 + lOx* + 20a;''/2+ \ 

X +29a;^ + 42a:^/^ + 29x^+ 1 . 

V +20x^^'^ + 8v/I + lOx + 2 / 

Since ^25 (a;) > 0, this gives that fc25 (x) > 0. Also we 
have 

/? = sup QKoMi^KoMzix) = 
xe(0,oo) 

= lim ffifoML/foMaCa;) = y|. 

29. For D^^„M,(P||Q) < ifDil? h (P!IQ): Let us consider 
gKoM2-Koh{x) = /xoM2(a;)//Koh(a:)/ then we have 

gKoM2-Koh{x) = 



V2a; + 2 (a; + 1) X \ 
X (9a;^ - 26a; + 9) + 16a; (x^^^ + l) j 



and 



9V'2a; + 2 (a; + 1) (a; - 1)^ 

8 X fc26(a;) 



9 (x - 1)^ (a; + 1) V2a; + 2 ' 
where k26 {x) = k25 (x) > This gives 

'>0, a; < 1 



g'KoM2-Koh{x) 



< 0, a; > 1 



Also, we have 



' = sup gKQM2-KQh{x) = 
a:e(0,oo) 

= lim gKoM2-Koh{x) = if. 



30. For D^^„h(P||Q) < |D^^M3(P||Q): Let us consider 
gKoh^KoMsix) = fKghix)/ f'KoMs{x),thenwehave 

gKoh^KoM^ix) = 

_ 3(.T- l)^(.T + l)v/2a; + 2 

~ V2x + 2 (x- + 1) X 

X (3a-^ + 2a; + 3) - 16a; (x^^^ + 

and 

g'Koh.KoM^ix) = 

24 (a: - 1) V2x + 2 x fc27(a;) 

[V2a; + 2 (x + 1) x 

X (3a;^ + 2a; + 3) - 16a; (x'-^^'^^ + ^)] ' 
where fc27(a;) = A;2B(a;) > This gives 

'>0, x<l 



gKoh-KoMsix) 



< 0, x> 1 



Also we have 



/? = sup gKoh.KoMsix) = lim gKoh.KoMs{x) = |. 

xe(o,oo) '^-'■i 

31. For Di^%(P||Q) < |DiiiJ,j(P||Q): Let us consider 

gKah.Koj{x) = /Ko^(a;)//Koj(a;), then we have 



gKoh.Koj{x) 



g'Kah.KQj{x) = 



3{^ + iy 

3x + 2^/x + 3 ' 



6(a;-l) j>0, a; < 1 



V^(3a; + 2Vx + 3) l<0, a; > 1 



and 



P = sup gKoh.Kaj{x) = lim gKoh.Koj{x) = |. 
xe(o,oo) ^-'■1 

32. For D?c^„h(P||Q) < iD*A(PilQ): Let us consider 
Sjfoft_*A(a;) = fKohix)/ /*A(a;), then we have 



gKoh-tA{x) = 



gRnh-lfAix) = 



4 (a;4 + 5a;3 + 12a;2 + 5a; + 1) ' 



8(a;- l)='(a; + l)2x 
x(x^ + 5a; + 1) 



> 0, X <1 
a;*+5a;3+ \' 1 < 0, a; > 1 



+12a;^ + 5a; + 1 



and 



/3 = sup ffifoh_*A(a;) = lim gKoh.9A{x) = j. 
xe(o,oo) '^^i 
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33. For j(P||Q) < |D|*i(P|lQ): Let us consider 
QKoJ.'SaIx) = fKoj{x)/ /*A(a;), then we have 



9Kojjii{x) 



and 



OKaJ-^Slix) 



_ ^/^(33: + 2Vi + 3) jx + l) 
4(a;2 + 3x + l)(v^+l)' 

(^/i- 1) (3j: + ^+3) 
87^(^2 + 3x + l)^(V^+l)^ 



'2x (x + 1) 1)^ 



This gives 



g'Ko.jjsi{x) 



> 0, x < 1 
< 0, x>l 



Also we have 



^ = sup gKoJJii{x) = lim gKQjjii{x) = ^. 



ie(o,oo) 



34. For D$^a(P||Q) < |D4*i(P||Q): It is true in view of 



35. ForDg>M3(P!lQ) < ^D*Mi(P|IQ): Let us consider 
5koM3_»a/i (a;) = IkoMs i^)/ /*a/i {x), then we have 

QKoM^JiMiix) = 

/ y/2x + 2 + 1) X 
^ X (3x2 + 2x + 3) - 16x (.t3/2 + 

+ 2 (x + 1) X 



X {x' - 4x^/2 ^ ^ 4^3/2 (^^3/2 ^ 



and 



3V^V2x + 2 (V^ - 1) X fc28(x) 
8^ (Vx - 1)^ (x + if V2x + 2x 
^4x2 + 5x^/2 + 6x + 5^ + 4 



where 



fc28(x) = V2x + 2 (Vx + l) X 

. , 1x2 / x-* + 3x=' + 8x^/2+ 
+ >V +8a:' + 8x^/2 + 3x + 1 

/ 4x^5 + &x'^''^ + &x* + 13x^/2 + 
- 4x +18x^ + 34x^/2 + 18x2 + 
V +13x^/2 ^6x + 6V^ + 4 



This gives 



5XoA-f3-*Afi {x) 



> 0, X < 1 
< 0, X > 1 



provided k2s,{x) > 0. In order to prove fc28(x) > 0, let 
us consider 

/l28(x) = [V2x + 2 (V^ + 1)] ^ X 
X* + 3x^ + ix^^'^ + 

+8x2 g^3/2 4. ^ 1 

/ 4x^ + 6x^/2 ^ _^ 13^7/2^ 
- 4x +18x^ + 34x^/2 ^ 182;2 + 
V +13x='/2 +6x + 6^/x + 4 

After simplification, we have 

h2s{x)^2{^-lY X 

/ 1 + 8^/x + 45x + 1760x^/2 ^g9g^2_^ v 

h3616x^ + 10243X'* + 18541x*^ + 
hl8541x^ + 3616x** + 10243x^+ 
hx" + 698x^ + 45x^'' + 8x21/2^ 
h6416x^/2 ^ i47i2x'*/2 + 208x^/2 
('14712x"/2 + I760x^'^''2_^ 
\ +6416x^5/2 208x^^/2 20112x"''2 / 

Since hiaix) > 0, proving that A:28(x) > 0. Also we 
have 

13= sup gKoM3.9Mi{x) = 

xe(o,oo) 
~ lim <7koA/3_*aii (x) = 

36. For D^*i(P||Q) < |§D|\^^ (P||Q): Let us consider 

P*i_*Afi (x) = f'ii{x)/ f'^Mi {x), then we have 



3»/_»Afi (x) 



•+3x + l) (x - 1)2 V2x + 2 



V2x + 2 [x"^ - 4x^/2 I 

X (X+ 1) +4x^/2 /'2.3/2 _^ 



and 



2x3''2y2x + 2(x - 1) X fe29(x) 



/ V2x + 2 (x^ - 4x^/2 + 1^ X 

(x + 1) V y 

X (X + 1) + 4x='/2 (;j3/2 



2 ' 



where 



fc29(x) = V2x + 2 (x + 1) X 

3(VS-l)'(x2 + l)(x + l) + 

+ 2x''/2 3^3 _^ ;^Q^2 32- 4_ 2^ 

3x"/2 4. g2:3''2 ^ g^;* + 10x^/2 ^ 15^:3 + 

+ 15x^/2 ^ ;^Q2.2 _^ gj. _^ 3 



This gives 



991^9 Ml (x) 



> X < 1 
< X > 1 
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provides ^29(2;) > 0. In order to prove k29{x) > 0, let 
us consider 



where 



/i29 {x) = [V2a; + 2 (a; + 1)] x 

3{^-lf (x' + l) (a: + l) + 

+15a;^''^ + lOx^ + 6a;^/^ + 6a; + 3 
After simplifications, we have 

h29{x) = {^/x — 1)* X s{x), 

where 

/ 9 + 56a; + 1793;^ + 360a;3+ 
s{x) = (a; + 1) +491a;* + 491a;^ + 360a;''+ 
\ +179x^ + 56a;* + 9a;^ 

_ / 6 + 32a; + 81a;^ + 144x^ + 179a;''+ 
''^^ I +144a;5 + 81a;« + 32a;'^ + 6a;« 



We know that a; + 1 > this allows us to conclude 
that 



s{x) > 2\fx 



9 + 56a; + 179a;^ + 360a;^+ 

+491a;* + 491a;^ + 360a;'^ + 
+179x^ + 56a;** + 9x^ 



6 + 32x + 81a;^ + 144a;^ + 179a;*+ 
+144a;^ + Six® + 32x'' + 6a;* 



After simplifications, we have 

/ 3a;* + 15a;'^ + 51a;''+ \ 
six) > 2Vx +84a;'5 + 84a;'' + 84a;3+ > 0. 
V +51a;^ + 15a; + 3 / 

This gives us /129 (a;) > 0. Hence ^29 (a;) > 0. Also we 
have 

/3 = sup 3*/_*Mi (a;) = lim sf*/_*Mi {x) = ^. 
xe(o,cx,) 

37. For Dt\i^(P||Q) < pDiV(P|IQ): Let us consider 

S*Mi_*M2 (a;) = /*Mi (a;)//*M2 (x), then we have 

fl'*Mi_*A<f2(2;) = 

/ V2a; + 2 (^x'-^ - 4a;^''^ + x \ 
^ y x{x+l) + 4x-'/^ (.T-V2 + l) j 

( V2x + 2 (^3a--^ - 8,T=^/^ + 3^ x \ 
\^ X (x + 1) + 4a;^ (x-^''^ + 1 j j 

and 

S*Mi_*M2 (2;) — 

36^/^ (^a;^/^ - (x + 1) x fe3o(x) 

~ / V2x + 2 [V2x + 2 (x + 1) X 

\ X (3x3 _ 8^3/2 ^ 3^ ^ 4^3/2 1^^3/2 ^^y^ 



kzo{x) = 2 (x" + 3x'^/^ + Zx^'^ + ly 
- V2x + 2 (x^/^ + 1^ (x + 1)^ . 



This gives 



> 0, X < 1 
< 0, X > 1 



provided A;3o(x) > 0. In order to prove A;3o(x) > 0, let 
us consider 

feo (x) = [2 (x^ + 3x5/' + 3x3/' + 1) ] ' - 
- [^2^+2 (x^/' + 1) (x + 1)']'. 

After simplifications, we have 

/i3o(x) = 2 (Vx - 1)'* X 

/ x« + 4x"/' + 5xS + 10x«/2 + 15x^+ \ 

X +18x'^/' + 24x3 ^ ^g^.5/2 _^ ^5^2_^ J ^ 

V +10x3/' + 5x + 4Vx + 1 / 

Since ^30 (x) > 0, this gives that /sso (x) > 0. Also we 
have 

p= sup g4.Mi_*M2(a;) = lim g*Mi_*M2(a;) = If ■ 
xe(o,oo) "^^1 

38. For DfM^{P\\Q) < §Dl\{P\\Qy. Let us consider 
S*M2_*h(a;) = /*M2(a;)//*h(a;),thenwehave 

9mM2JS!h(x) = 

f V2x + 2 ^3x3 - 8x3/' _^ 3^ X \ 

y x(x+l)+4x3/'(x3/' + l) j 



3 [^/i(x + 1) V2x + 2 (x3/2 - 1)'] 



and 



/X X fc3l(x) 



V2X + 2 (X + 1)' (x3/2 - 1)3 

where fc3i(x) = fc3o(x) > O.This gives 



9'^ M^zJUhi^) 



> 0, X < 1 
< 0, X > 1 



Also we have 



= sup g<BM2Jfh{x) = lim gf/M2Jfh{x) = IJ. 
a:6(0,oo) "^^1 
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39. For D^\,(P||Q) < |D|,''j(P| |Q): It is true m view of 

40. ForD|,\,(Pl|Q) < ^Dfj^^{P\\Q): Let us consider 

g^shjiM^ [x) = f'-^h (x) /.f^Ms (x), then we have 



g^hJiMsix) — 



3/2 



-1) (a; + l)\/2^T2 



^/2x + 2 {x^ + 1) X \ 



and 



gth.iSMsix) — 



V2x + 2 {x^ + l)x Y 
X + 1) - 4x^/2 (x^/^ + J 



where ^32(2::) = ^30(2::) > 0. This gives 

> 0, X <1 



g^hJSM^ix) 



< 0, x> 1 



Also we have 



P = sup g^h.^M^ix) = lim g^^hjiM^ix) = if. 

a:G(0,oo) 

41. For Di%3(P||Q) < ^D|7ko(P||Q): Let us consider 
5*A/3-*A'o [x) = /^A^3 (a;)/ /^^.^ (x), then we have 

g^M^.^Kaix) = 

V2x + 2 (x-^ + 1) X 



X (x + 1) - Ax-"^^ (x'-"^'' + 1) 

(a: + 1) V2x- + 2 (^/^ - 1)^ x 
X (ax'^ + 5x^^^ +6x + + 4 



and 



6 X fc33(a;) 



(V^ - if V2x + 2^ {x + if X 
Ux'^ + Saj^/^ + 6a; + 5y^ + 4 



where 



haix) = 



V2a: + 2(^^+1) (a; + 1)' x 
X (1 + 3x + 8x^ + 3x^ + x"^) 



, 4 + 2a:* + 2a; + Gs^ + lla;^''^ + 2^+ 
' ' hl4a;^/2 + 6a;« + lla;^''^ ^ 4^.5 ^ jx^/^ 



This gives 



> x<l 
< a; > 1 



provided fc33(x) > 0. In order to prove fc33(a;) > 0, let 
us consider 



^33(3;) = 



V2a; + 2(^+l)(a;+l)''x 
X (1 + 3a; + 8a;2 + 3a;^ + x*) 

/ 4 + 2a;'' + 2x + 6x^ + llx-^^^ + 
4a; +2y^ + 14x^1'^ + 6a;^ + 
V +11x^/2^4x5 + 2x^/2 



After simplifications, we have 

h.3z(x) = (\/^- 1)'* X 

/ 1 + 30x + 2144x5 ^ ^ 231x2+ \ 
+698x^ + 380x^/2 + 110x^/2+ 
+1056x^/2 + 1475x'' + 1874x^/2 + 
+2298x'' + 698x^ + 30x" + 231x"'+ 
+2144x^ + 380x^^/2 + 1056x^'^/2 + 

+1475x + X 12+6x23/2+110x21/2 + 

V +2366x"/2 + 2366x"/2 + 1874x^5/2 / 



Since hy>,{x) > 0, this gives that fc33(x) > 0. Also we 
have 

fi = sup 5*A/3_*Ko(a;) = lim g^M-iJUKaix) = ^. 

42. For D^''j(P||Q) < |D|^Ko(P|IQ): Let us consider 
g^.ijsKo{x) = /^j(x)//^j,,^(x), then we have 



g^jjuKoix) — 



4(V^+l)"(x + l) 
4x2 _^ 53.3/2 + 6x + + 4 ' 



g-^jjuKoix) — 

2(x-l) 



3x2 _^ 43.3/2^ 
+10x + 4V^ + 3 



4x2 _^ 53.3/2 _^ 
+6x + 5^ + 4 



> 0, X < 1 
< 0, X > 1 



and 



= sup 5*j_*Ko(a;) = lim 5*j_*Xo(a;) 

a;G{0,oo) 



43. For DUko(P||Q) < D|?x(P||Q): It is true in view of 
pyramid. 

44. For D|7ko(P|IQ) < |D|a(P|1Q): Let us consider 
g^Ko-FA (x) = f^Ko i^) I fpA (x), then we have 



g9Ko-FA{x) — 

4x2 _j_ 53;3/2_,„ 



4^/^ 



+6x + 5^ + 4 



(x + if 



/ 15 + 90x + 257x2 + 492x'='+ \ 
+257x^90x5 + 15x'5 + 30^/^+ 
+150x3/^ +364x^/2 + 

V +364x^/2 + 150x^/2 + 30x"/2 / 
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g'^Ko-FAix) = 

12 (x+lf{x-lf{V^-lf 



and 



/ 15 + 90a.- + 257a.-2 + 4922:^+ \ 

+257j:^ + 90a;^ + 15a;®+ 

+30 + 150a;^/^ + 364x^/^+ 
V +364x^/2 ^ ;i5o^9/2 ^ 3Q^ii/2 y 

/ 10 + 1102: + 486a:2+ \ 

+740x-'^ + 486x* + 

+ 110a;^ + lOa:'^ + 25yi+ 

+205a;^/2 + h'&^x^''^-^ 
V +586x^/2 + 205x^/2 + 25a;"/2 j 



> 0, 

<o, 



a:: < 1 
x> 1 



sup 5*/fo.FA(a;) = lim g9Ko-F/i{x) = 

:e{0,oo) ^-^1 

45. ForD|fT(P||Q) < |D|i(P||Q): Let us consider 

girT.Fiix) = f^T^x)/ f'p J {x),ih.en we have 



g<S!T_Fl{x) = 



16v^ {x'^+x+l) (y/i+l)^ 

ISx" + 30a:'^/^ + 60a; + 90x^/2 + 
+122a;^ + 90a;^/^ + 60a; + 30^^ + 15 



and 

g'^T.Fi{x) = 



8 (a - 1) 



/ 15a;* + 30a;''/^ + 60a:^+ \^ 

^/x +90x^/2 + 122^2 + 90x^/^+ 
V +60a + 30Vx + 15 / 

/ 15a;^ + 26a;"/^ + 40a;^ + 86a;^/^ + 9a;*+ 

X +9a^ + 86a^/^ + 40a + 26^^ + 15+ 
V +(a;^ - l)^Vx(34a + 65Vx + 34) 

This gives 



g^T.Fi{x) 



>0, 
<0, 



a < 1 
X > 1 



Also, we have 



sup guT.Fiix) = lim g<s,T.Fi{x) = |. 

E(0,oo) 

46. ForDi.^^(P||Q) < |Di,t(Pl I Q): Let us consider 

5*A_Fi(a) = /^a(x)//f/(x), then we have 

gF£^.Fl{x) = 

/ 15 + 90a + 257a^ + 492a'V 
+257a'' + gOa'""' + 15a'' + 

+30Vx + 150a^''^ + 364a^/^+ 
V +364x^/2 ^ ;i5o^9/2 ^ 30^11/2 ^ 

~ / ISa"* +30a''/2 _^60a^+ 

(a + 1)^ +90x^/^ + 122a^ + 90a^/^+ 
V +60x + 30Vx + 15 



flFA_F/(x) = 



32a;3/^ (a - 1) 



/ 15x'' + 30a + 60x^+ 
(x + 1)' +90x^/2 + 122^2 + 90x^/2+ 
\ +60x + 30Vx + 15 

/ 75x^+ 300x^/2 + 675x* + 1200a;''/2+ \ 

X +1682a^ + 1928x^/2 + 1682a2 + 

V +1200a^/^ + 675x + 300Vx + 75 / 



This gives 



S'FA_F/(a) 



> 0, a < 1 
< 0, X > 1 



Also, we have 



= sup gFA_F/(x) = lim 5fa_f/(x) = 



a;e((),oc) 



47. For D|1(P||Q) < IfDi-i^^ (P||Q): Let us consider 
QFLFMi (x) = f'Fiix)/fFMi (x), then we have 

gPLFMi (x) = 



y2^T2 (15a* - 62a^ + 15) 
X (a + 1) + 64a2 fa^/^ + l' 



15x* + 30x'^/2 + 60x^ + 90x^^/2+ 
+122a2 + 90x^/2 + 60x + 30Vx + 15 



and 



5f/_fmi (x) 



64(^1- 1) X fc34(x) 



V2x + 2 (I5x* - 62a;2 + 15) x 
X (x + 1) + 64x2 ^x3/2 + ij 



where 

I 



I = V2x + 2 X 

-15a*^ + 242a'^''2 ^ 165^.+ 
+302a^ + 45x^ + 242a*+ 
+225x2 + 225x^/2 ^ 50+ 

+45a^''2 _^ 60x"/2 _ I5y^+ 

V +302a^''^ + 165a"/2 ) 

/ 60 + 135x + 255x^ + 60Vx + 255x2+ \ 
+478x^ + 484a;^/2 ^ 240x^^2 _^ I 
+672a''/2 + 478x* + 484a''/2 + 

V +135x® + 60x^3/2 ^ 240x"/2 + gOx'' / 



This gives 



gFI^FMi (x) 



>o, 
<o, 



a < 1 
X > 1 
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provided ^34 (a;) > 0. In order to prove k34{x) > 0, let 
us consider 

h34{x) = {yj2x + 2)^ X 

( -ISx" + 242x''''2 + 165x + 302x^ + 
+45a:'5 + 242x* + 225x^ + 225a;^''2 + 
+60 + 45a;3/2 + eOa;"/^ - 15^^+ 

V +302a;^/2 + leSa;"/^ 

/ 60 + 135a; + 2552:^ + 60^^ + 255a;^ + \ 
+478x-^ + f^%^x^^'^ + 240x-'*''2 + 
+672x'^''^ + 478x-^ + 484x'^''^ + 135a;®+ 

V +60a;^^/^ + 240a;"/^ + 60a;'^ / 

After simplification, we get 

^34(2:) = (\/a; - 1)" X 

/ 3600 + 441250a;'' + 20250a;+ ^ 
+396832a;^ + 3600^^ + 61875a;^ + 

+1472702;=* + gOOOOa;'^''^ + 26100a;^/^+ 
+208260^''''^ + 277740x^+ 
+352860a;^/^ + 20250a:"+ 
+451980a;^i/^ + 451980a;^^/2 + 
+352860x^-'/^ + 36002^^/^ + 3600x^^ + 
+1472702^ + 3968322'^+ 
+26100221/2 + 277740a;*+ 
\ +2082602i''''2 + 90000x^^/2 _^ 61875a;i° ) 

Since hi^ix) > 0, this gives that ^34 (a;) > 0. Also we 
have 

13 = sup gPLFMi (x) = lim qflfmi {x) = ^. 

xe(o,oo) 

For D|tij(P||Q) < |fDi.liJP||Q): Let us consider 
gFM^.FM2 {x) = fpMi {x)/ fpM2 (x), then we have 

5FMi_FM2(a;) = 

V2x + 2 (152^ - 622^ + 15) X 
X (2 + 1) + 642^ (^2=^/2 ^ 

V22 + 2 (452*1 - 122x2 ^ ^ 
X (x + 1) + 64x2 (^x^/2 _^ { 



and 



5760x (x - 1) (x + 1) 



V2x + 2 



fc35(x) 



- 122x2 + 45) X ' ^ ' 



V2x + 2 (45: 
X (x + 1) + 64x2 (^x^/2 ^ 1 



where 



fc35(x) = {Vx + 1) X 



X 2 



22 (2 - 1) 2 + 6x^/2 + _ 2) 2J _ 
■ 2V2x + 2 (x2 + 1) (x + 1) . 



This gives 



Qfmi_fm2 (^0 



> 0, 2 < 1 
< 0, 2 > 1 



provided A:35(x) > 0. In order to prove fe35(x) > 0, let 
us consider 

hz5{x) = (^2 + 1)^ X 

X [x2 (2 - 1) ' + 6x=*/2 ^ _ 2) 2 j ' _ 
- [2V2x + 2 (x2 + 1) (x + 1)]^ 
After simplifications, we have 

/l35(x) = (a/x - 1)" X 

/ 82-^ + 32x''/2 + 322;" + 24x'^/2_^ \ 
X +49x3 + 82x^5/2 _^ 493.2^ J_ 

V +24x^/2 ^ 32x + 32v/x + 8 / 

Since ^35 (x) > 0, this gives that kz^ (x) > 0. Also we 
have 

P = sup gFMi_FM2{x) = lim gFMi_FM2{x) = |f . 

xe(o,oo) »=->-i 

49. For D|liJP||Q) < |iD|l,(P||Q): Let us consider 
gFM2-Fh{x) = !fm2 W)I fphix), then we consider 

gFM2-Fh{x) — 

V2x + 2 (45x** - 122x2 + 45) x 
X (2 + 1) + 6422 / 3/2 _^ -^^ 



and 



45V2x + 2 (x + l)-" (2 - ly 



g'FM2-Fh{x) 



32x X fc36(x) 



45 (x - if V2x + 2 (x + 1)" 
where fc36(x) = A;35(x) > 0. This gives 

'> X < 1 



g'FM2j-h(x) 



< X > 1 



Also we have 



/3 = sup gFM2.Fh{x) = lim gFM2-Fh{x) = |i. 



a;e(0,oo) 



50. ForDi.ih(P||Q) < i|D|.5(P||Q): Let us consider 
gFh.Fj{x) = fpf,{x)/ fpj{x),\hs:n-wehsve 



gFh.Fj{x) = 



15 (V5+1) (a; + l)2 



15x3 + 30x^5/2 _^ 452.2.^ 
+44x^/2 + 45a; + 30^ + 15 
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and 



where 



_ 120 {x -l){x + l)y/x (3a: + 4^^ + 3) 
+44a:^/^ + 45a; + 30^^ + 15 



This gives 



> 0, a; < 1 
< 0, a; > 1 



Also, we have 



sup gFh.Fj{x) = lim gFh.Fj{x) = i|. 



a;e(0,oo) 



51. For Di.l,(P||Q) < f|Di.'^3(P||Q): Let us consider 

gFh.FM3 (x) = fFhix)/ fpMs {x), then we have 

QFh-FMs, {x) = 



15(a:-l)^(x + l)V2a: + 2 
^/2x + 2 (15a;* + 2x^ + 15) x 
X (a; + 1) - 64a;^ {x^'"^ + 1^ 



and 

dPh^FM^ix) = 

960a; (a; - 1) (x + 1)^ x ^37(2;) 

V2a; + 2 [-64a;^ {x^''^ + ^) + V2a; + 2> 
X (a; + l) (I5x'' + 2a;^ + 15)]^ 

Where ^37 (a;) = ^35 (a;) > 0. This gives 

> 0, a; < 1 



gPh^FMs (x) 



< 0, a; > 1 



Also we have 



/3 = sup gFh.FM^ix) = lim gph^FMsix) = 22. 

xS(0,(X)) 

52. For Dl^UaCPIIQ) < i|D|.Ico(P||Q): Let us consider 
gFMs.FKo (x) = fpMa (x)/ fpKo (x), then we have 

gPMs^PKoix) = 

V2x + 2 (15a;* + 2a;^ + 15) > 



X (a; + 1) - 64a;^ (x^^^ + 1 j 
3(a; + l)(a; - l)'^V2x + 2 (5a;2 + 6x +~5) 



and 

S'FM3_F/fo(2^) = 



1 X k:,s{x) 



3 (.T - 1)'' v^V2x + 2x 
X (a; + 1)^ (5x^ +6a; + 5)^ 



fe38(a;) = V2a; + 2 (a; + 1) 



X (15a;* + 20x^ + 58a;^ + 20a; + 15) 
- 8a; {y/x + 1) 

This gives 



(10a;* + + a; + 10) + 
+26a;* + 22a;^ + 12a;^/^+ 
V +22a;^ + 26a; + 10 / 



gpM3_PKo (x) 



> 0, a; < 1 
< 0, a; > 1 



provided A;38(a;) > 0. In order to prove ^38(0;) > 0, let 
us consider 



hsaix) = [V2x + 2 (a; + I)'- 
X (15a;* + 20a;^ + 58x^ + 20a; + 15)^ 



8a; (V^ + 1) 



/ lOa;^ + {^/x - if X 

X (lOx* + x^ + X + 10) + 
+26a;* +22a;^ + 123;^/^ + 



V +22a;^ + 26x + 10 
After simplifications, we have 

/i38(a;)=2(vx-l)*x 

/ 225 + 4425a; + 27890a;2 + 135760a; ''/^+ \ 
+349215a;^ + 900v^ + 94290a;^+ 
+27890a;" + 436976a;^^/^ + 389920a;^^/^ + 
+349215.T* + 208791.T'' + 13200x-^''2 + 
+49160x'^/^ + 225a;^^ + 265724a;"/^ + 
+208791a;* + 453852a;'' + 389920a;"/^+ 
+4425,T^2 + 94290x^" + 3200x^^/^ + 
+900x^^/^ +49160x^^/^ + 
V +135760a;^^/^ + 453852a;^ + 265724a;^/^ / 

Since /138 (a;) > 0, proving that ^33 (x) > 0. Also we 
have 

/3 = sup gFM3_PKo{x) = lim gpM3_PKo{x) = tI. 

a;6(0,oo) ^->-l 

53. For Dt.^(P||Q) < |D|.^JP||Q) : Let us consider 

gpj.PKo {x) = fpjix)/ f'piia {x), then we have 

gpj^PKo {x) = 

15.1;^ + 30x-"''/^ + 45x2+ 
+ 44x^''2 + 45x + 30yx + 15 



3(5x2+6x + 5) (Vi+1) 



and 

g'pj.PKo{x) = 
4(Vi-i) 



15x^ + 30x^5/2 ^ 65x2+ 
+68x^/2 _^ 553- _^ _^ 15 



3(5x2 + 6x + 5)-'(Vi+l) 
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This gives 



gFj_FKa {x) 



> 0, X <l 
< 0, x>l 



Also, we have 



13 = sup gFj.FKa {x) = lim gFj.FKo (x) 



54. For D|.Ico(P||Q) < D|.^(P||Q): It holds in view of 
pyramid. 

55. ForD|.^(P||Q) < 2D|.^*(P||Q): Let us consider 
gFKa.FT{x) = fpKo {x)/fFT{x), theri we have 

gFT.F^{x) = 

/ lf>x* + 30a; ■^''^ + 60x^ + 58a; ■""'''2 + 



( , IN /" 15a;^ + 14a;''" + 13a:' + 
+ ^ I, + 12cc3/2 + 13a; + W^i + 15 



and 

dFT^F^ix) = 



8 (x - 1) 



15x'' + Ux 



,,.5/2 _ 



^/x{x + lf{ +13a;^ + 12a;=^/2 + 

V +13a; + 14v^+15 / 

/ ISa;" + eOa;"''^ + 105a;^ + 184a;^''2 + 
X +265a;* + 380a;'^/^ + 382a;^ + 380a;^/^+ 
\ +265a;^ + 184a;^/^ + 105a; + 60v^ + 15 



This gives 



dFT^F^ix) 



> 0, a; < 1 
< 0, a; > 1 



Also,we have 



p = sup fl'FT_F*(a;) = lim gFT_F*(a;) = 2. 

xe(o,oo) ^-'■1 

56. ForDjJ(PIIQ) < 4Dj^3(P||Q): Let us consider 
gjh.jMs (x) = fjh{x)/ fjM3 (x), then we have 



gjh-jMs (x) 



(Vi - 1)^ (a; + 1) V2a; + 2 

V2a; + 2 (a; + 1)^ - 
-4Vi (a;^/^ + 1) 



and 



9jh.jM3 {x) = 



2(1- Vi)(a; + 1) X k39{x) 
^^/2x + 2 [V2a; + 2x 
X (a; + 1)^-471 (x^/^ + l)]' 



where fe39(x) = k2\{x) > 0. This gives 

> 0, a; < 1 
< 0, a; > 1 



9jh.jM3 (x) 



Also, we have 

/? = sup gjh.jM3 (x) = lim gjh.jM3 (x) = 4. 

57. For D^^i(P||Q) < Di^3(P||Q): Let us consider 

gMiLjMs (x) = f'M^i{x)/fjM3 (x), then we have 

gMiI^JM^ix) = 

4v^ [V2.T + 2 (a; - + 1) - (^a;^/^ + l)] 



and 



V2x + 2 (a; + l)"" - 4^ (a;3/2 + 1) 



gMii.jM3{x) {x'+Vj — ^ 

^ k4o{x) ^ 

[V2a; + 2 (x + 1)^ - 4v^ (x^/a + 1)] ^ 



where 



/c4o(a;) = V2x + 2 (a/x + l) (x + 1)^ 
- (x^ + 3x^^^ + 8x^/^ + 3v^ + l) 



This gives 



QmiI^jms (x) 



> 0, X < 1 
< 0, X > 1 ' 



provided fc4o(x) > 0. In order to prove fe4o(x) > 0, let 
us consider 

h4o{x) = [V2x + 2 (Vx + l) (x + 1)^] ^ - 
- (x^ + 3x^/^ + 8x^/^ + 3v^ + l) ^ 

After simplifications, we have 

/i4o(aO = (\/a: - l)" X 

/ x^+4x''/2 + 8x^ + 20x'^/2+ \ 
X +24x3 + 34x^/2 + 24x2+ 
V +20x^/2 + 8x + 8Vx + 1 / 

Since h^o (x) > 0, proving that k^o (x) > 0. Also we 
have 



' = sup gMii.jM3{x) = lim gMii.jMsix) = 1. 

a:e(0,oo) 
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58. For D^^M3(P||Q) < 9Dj^3(P||Q): Let us consider 
gTM3.jMa {x) = /tms {x)/ fjM3 (x), then we have 

QTMs^JMsix) = 

2 [(a^ + 1) ^/2x + 2 - 2^/x [x?''^ + ij] 



V2a; + 2 {x + 1)^ - 4^^ (x^/^ + 1) 



and 



9'tm3_jm3 {x) 



2V2a: + 2 (a: - 1) x kii{x) 
{x+\)^/x [s/2x + 2x 

x(x + lf -4Vi(cc^/' + l)]' 
where 

fe4i(a:) = (x""^ + 3x^/^ + 4a;^ + 4a;^/^ + 3a; + 1^ 
- 2VSV2xT2 (a; + 1)^ . 
This gives 

' > 0, a; < 1 



< 0, a; > 1 



provided (x) > 0. In order to prove k^i {x) > 0, let 

us consider 



h4i{x) 



+ 3x^/2 +4x2+ 



+4a;^/2 + 3a; + 1 
- [2^/x^/2x + 2 (x + 1)^] ^ . 
After simplifications, we have 

h4i{x) = (v^ — 1)" X 

x'^ + 4x^/2 + Sx" + 20x^/2 + 24x^ + 
+34x''''2 + 24x2 _^ 20x-^''2 g^. 4^ ^ ;^ 



Since /i4i(x) > 0, proving that fc4i(x) > 0. Also we 
have 

/3 = sup QTMs.JMsix) = lim gTMs.JMaix) = 9. 

a;e(0,oo) ^"'■l 

59. For D}^3(P||Q) < ^D%{P\\Q): Let us consider 
fl'jM3_F*(x) = /jV3(a;)//F*(K), then we have 

S'JM3_F*(x) = 

16x^/2 ^ ;^)2 ^2^qr2 - 4Vi (a;^/' + l)] 

V2x + 2 (x + 1) (Vx - 1)^ X (I5x^ + 15 
+14x^/2 _^ _^ ;^2x^''2 _^ ;l3j. _^ 14^^ 



and 



(x) 



8V« 



v/2x + 2 (x + 1)2 (Vx - 1)^ 

fc42(x) 



15x^ + 15 + 14x^/2 _^ isx^+ 
+12x^/2 ^ ^ 14^ 



where 

fc42(x) = V2x + 2(x + l)2 X 

/ 45x»/2 + I3x^ + 88x^/2 ^ 24x3 + 22x^/2^ 
^ I, +22x2 + 24x^/2 _^ _^ ;^3yj ^ 45 

/ 20x'^ + 4x^/2 92^.5 44-^9/2+ ^ 
- 12^^ +12x^ + 32x'^/2 _^ ^4^3 _^ 32x5/2 + 
V +12x2 +44x^/2 ^93.^4^^20 y 



This gives 



(x) 



> 0, X < 1 
< 0, X > 1 



provided fc42(x) > 0. In order to prove /c42(x) > 0, let 
us consider 

/l42(x) = [V2X + 2(X+ 1)2]^ X 

/ 45x^/2 ^ ^3^4 ^ 88x^/2^ X 2 

X +24x^ + 22x^/2^22x2+ J - 

\ +24x'^''2 ^ 88x + 13^ + 45 / 

/ 20x'' + 4x"/2 + 93.5 _^ 44j.9/2_^ \ 2 
-144x +12x* + 32x^/2 _^ 143.3 _^ 322^^ 

V +12x2+44x^/2^93.^4^^20 / 

After simplifications, we have 



/l42(x) = 2 — 1)* X V{x), 



where 

v{x) = 



( 2025x^2 ^ 9270x23/2 + I4344x"+ \ 
+8634x21/2 + 27498x1°+ 
+15106x^^/2 ^ 9952a;9 - 2034xi''/2- 
-9001x* - 9380xi'5/2 - 12776x^+ 
+1444x"/2 _ 36436x'5 + 1444x"/2- 
-12776x^ - 9380x^/2 - 9001x*- 
-2034x''/2 + 9952x3 _^ 15106x^/2 + 
+27498x2 +8634x3/2 + 
V +14344X + 9270^/^ + 2025 ) 

Now we shall show that v{x) > 0. Let us consider 

m{t) = v{t^) = 

/ 2025*24 + 9270*23 + U3Ut^^+ \ 
+8634*21 _^ 27498*2" + 15106*^'^ 
+9952*1* _ 2034*1^" - 9001*"- 
-9380*1^ - 12776*1* + 1444*i3- 
-36436*12 + 1444*11 _ i2776*i°- 
-9380*'' - 9001*** - 2034*'^+ 
+9952*"^ + 15106*'^ + 27498*'!+ 
V +8634*3 ^ 14344^2 _^ 9270^ + 2025 ) 

The polynomial equation m{i) = of 24**^ degree ad- 
mits 24 solutions. Out of them 22 are complex (not writ- 
ten here) and two of them are real given by 



21 



-1.125443752 and -0.8885384079. 

Both these solutions are negative. Since we are work- 
ing with t > 0, this means that there are no real posi- 
tive solutions of the equation in(t) — 0. Thus we con- 
clude that either m(t) > or m{t) < 0, for all t > 0. 
In order to check it is sufficient to see for any particu- 
lar value of in{t), for example when t = I. This gives 
m(l) = 73728, hereby proving that m{t) > for all 
t > 0, consequently, v{x) > 0, for all i > 0, proving 
that hi2{x) > 0, Vx > 0, x / 1. Since /i42(a;) > 0, 
proving that ^42 (x) > 0. Also we have 



P = sup g.JM3.F^(x) 



lim g,jM3.F-s/{x) = ^ 

X— >1 



Parts 1-55 refers to the proof of the inequalities given in (7) 
and the parts 56-59 give the proof of Combining the parts 
1-59 we get the proof of the Theorem 2.1. □ 

2.1 Remark 

1. Theorem 2.1 connects 54 members out of 55 appearing 
in the pyramid. Since some them are equals by multi- 
plicative constants, the Theorem 2.1 contains 47 differ- 
ent measures. In this way we can make a sequential 
inequality connecting 34 divergence measures. 

2. From the inequalities given in J7) and {8), it is inter- 
esting to observe that all the measures remain between 
-D)a and D|!V/ i-e., in between the first members of first 
and last line of the pyramid. 

3. The last members of each line (corners members) of the 
pyramid are connected in an increasing order, i.e.. 



< 8 < 1 n2i < 1 r)28 < 



-,45 



(13) 



3 Equivalent Inequalities 

As a consequence of Theorem 2.1, the sequences of inequal- 
ities appearing in (|7) and (8^ can be written in an individual 
form. This means that the 59 results proving the Theorem 2.1 
can be written in an equivalent form. This we have done be- 
low in two groups. The first group is with four measures in 
each case and the second group is with three measures. 

Group 1 

1. 8OM1 + I6M3 < A + 20/1; 

2. A + 32/i < 4T+ 128Mi; 

3. 6 A + 256M2 < 192/ + 3Ko ; 

4. 288Mi + 224M2 < 168/ + 9J; 



10. 
11. 
12. 
13. 
14. 
15. 
16. 



12Mi + 2OA/2 < 5/ + 3r; 
9J + 256M2 < 192/ + 72T; 
lOT + 32M2 < 3J + Wh; 
72/ + 128T < 9Ko + 512M3; 
8I + AJ <Ko + 32ft; 
4A + 8K0 < * + 64h; 
16/ + WKo < * + lOJ; 
26/Co + 192Mi < 3* + 832M3; 
32Mi + 32A/3 < J + 8T; 
4A + 3* < F + 6K0; 
48/ + 8* < 3F + 128T; 
48J-h * < 2F+ I536M3. 



Group 2 



1. 
2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 



7- ^ A+128M1 

^ — 36 

r ^ iA+Kp 
— 9A 



T ^ 20A+^ 
- 96 



r ^ 32A-I-F 
^ — 144 



144 

Ml < ^±11^; 
Ml < i^wi^; 

— 2560 ' 

j[,r ^ 1008I+-F . 
^ 4096 ' 

Ml > M+2M2. 

1 — 18 ' 

Mo < A+44h. 

M, < 2>26Mi. 

2 — 80 



— 416 

14. M2 < £±^^ 

15. M2 > 

16 < A+64M3 . 

17 7 ^ 3J+128M2 . 
^' ■ ' - 120 ' 

18. h < 

10 u <: A-0+128M2 . 

" - 104 ' 

9n ^ *+768M2 . 



21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 



> ^ F+128OM2.. 

- 976 ' 

ft> H±iM£3. 
M3<2^; 
M3 < 

JM3 :i 1280 ' 
^"■^ — 768 

T ^ -firo+i6fa 

— 3 



T ^ 2A+16T 
— 3 



T ^ 'P+128fe 
— 18 



18 

r ^ F+224fe 
- 30 



13. M2 < 33. J > i20^+^56M2 

34 J > 8T+256M3 

35. 7^0 < ™; 

36. /fo<i24r^; 
39. /fo < 3*+|i2Ma: 



38. A'o < 3™«£3 . 

39. * < £i^. 



Direct relations of the inequalities given in Groups 1 and 
2 to the inequalities given in ([5) shall be dealt elsewhere. 
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Reverse Inequalities 



view of Theorem 2.1, we shall derive some inequalities in 
I'erse order for the last three lines of the pyramid. 

1. Combining the inequalities given in the lO"' line of the 
pyramid and the one given in |7) having the measure 
F{P\\Q), we have the following extended inequality 



< D 



FM2 



^FKq 

< D 



-,49 



< D 



FM3 



< D 



51 
Fh 



FMi 



-)55 ^ 9 ^54 
■'fa ^ a^FI 



We observe that the measure D^KqT don't appears in the 
reverse side. Moreover, it don't appears in Theorem 2.1 
too. 

Similarly we can write reverse inequalities for the other lines 
of the pyramid. 



References 



J-^FMi 



72 7-i52 



< —D 



61 A/2 



6 nSl 
Fh 



9 n49 
J^FJ 

24 r,50 
Tg^FMa 



^ 2 FKq ^ 2 FT ^ oUp^ 



(14) 



According to inequalities given in pyramid we have 
D'fj < D^Mi but according to our approach we 
don't have reverse relation among the measures and 
OlVa- Also D%\ is related to Dfj and _D|,V3with dif- 
ferent multiplicative constants. We call the expression 
(3.20) as reverse inequalities 

1. Combining the inequalities given in the 9"' line of the 
pyramid and the one given in having the measure 
<['(P| IQ), we have the following extended inequality 



37-t^*Af2 — "s^^h 



3 ri39 

16 n40 



< 2D 



< 2Di 



(15) 



According to inequalities given in pyramid we have 
D^'j < D'^\j^ but according to our approach we don't 
have reverse relation among the measures and 
A/3 ■ Also I>|V is related to Dfj and -DIV3 with dif- 
ferent multiplicative constants. Again we call the ex- 
pression n^t as reverse inequalities 

3. Combining the inequalities given in the 8"" line of the 
pyramid and the one given in |7) having the measure 
vE'(P| IQ), we have the following extended inequality 



Df„T < D'^^j < D'j^^M, < D 



32 

K„h 



< D 



33 

/Co A/2 



< D 



,34 

KoMt 



l34 



< D'i^i < D 

< 24 n3 



KqA 



< 2Dfoh < 



op)30 
8 r)31 



(16) 
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